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ABSTRACT 

V 

Based  on  simplified  two  body  assumptions,  a  general  analysis 
is  presented  of  ballistic  trajectories  which  result  In  a  spaolflad 
flight  path  angla  at  a  given  altitude.  Tha  min I nun  raqulrad  velocity 
is  obtained  starting  with  zero  Telocity  and  fro*  a  circular  orbit. 

Tba  range  is  derived  for  initial  intercepts  at  the  specified  altitude* 
An  example  of  the  results  is  presented  in  graphical  form  for  an  initial 
altitude  of  300  na  and  final  altitudes  of  450,000  ft.  and  1026  nm.  n 
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IV.  LIST  OF  SIKBOLS 

a  =  constant  defined  In  Ecuation  (4) 
b  =  constant  defined  in  Equation  (4) 

•  >  eccentricity 

r  =  redial  distance  from  center  of  attracting  body 
R  =  dimensionless  distance  ro/r 
v  =  velocity 

V  =  dimensionless  velocity  v/ve 
A V  -  velocity  impulse  required  staring  from  &  circular  orbit 
«  s  di»e  ns  ionless  rsdi&l  velccJty(yo  s'n  X  Q) 

(f  ~  dimensionless  horisontal  velocity  (V0  cos  X  0) 

*  -  flight  path  angle  with  respect  to  the  horizontal 

I  £  =  velocity  (eV)  angle  with  respect  to  the  horizon*! 

6  =  range  central  angle 
A,  =  Lagrange  Multiplier 
^  =  true  anomaly 
SUBSCRIPTS 
c  =  circular 
I  d  »  down 

I  i  =  Inward 

\  I  *  Intercept 

,  o  =  initial  condition,  outward 

»  * 

p  =  parigea 

i 

u  =  up 
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vELoerrx  requirements 

The  velocity  of  a  body  in  an  orbit  cun  be  specified  by  a  r.agnitude 
end  a  flight  path  angle,  herein  taken  as  the  angle  with  reopeot  tc  the 
local  horizon.  If,  at  the  initial  point,  tie  dimensionless  velocity 
components  ere  represented  by  «  (radial  corpcna-.t)  end  p  (horizontal 
component),  the  initial  required  velocity  starting  with  zero  velocity 
can  be  expressed  as  in  Equation  (3).  The  required  velocity  starting 
from  a  circular  orbit  (*  =  0  t  {S  -  /  )  i»  specified  by-  Equation  (2) 

(See  Figure  1). 


V.  *  («**?*)* 
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The  flight  path  angle  at  the  desir  d  altitude  shell  be  referred 
to  au  the  intercept  angle  (  X  j  ),  and  is  derived  from  simplified  two 


body  es3urptiona. 


X i  -  tm* 


*  it 


-/  (~A*0*  +  ZA-A  /  *  *  +/*  *  ) 


where  R  - 


-  initial  distance/ Intercept  distance  . 


Solving  for  the  radial  component  of  velocity  rives 
or  *  ( a.  t  4  )* 

*****  A  '  <Los*rr  "  7 
6 * 
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Uvinp  Equations  (1),  (2)  and  (4),  f  can  be  expressed  as  functions 
of  ,  Equation  (5),  or  as  a  function  of  &  ,  Equation  f. 

fi  *  ( - -  )  (5) 

P  '  K  ~  A  '  i 


*  ~  <  l *•  +*>]  A»/t  *£  -  <a  b  ) 

*j  -  4  <0 

*  i  >*oa  ;  -  i  <?«4;  s  •  *o* :  ft  •  j 

KIN IK  .1!  ENERGY  ?.“Ql'IRE>OT3 

It  is  apparent  froir,  substituting  Eruation  (4)  into  Equation  (1) 
that  the  ninlr-lzation  of  the  velocity  (Vo)  for  a  specified  R  and  If  j 
occur?  for  the  irlniiuuc  perr.lsrible  p  .  For  outward  intercepts 
(  /  t  b  >o  ),  Equation  (5)  is  rinirited  for  ^  -  90°  (  -  O  ); 

for  inward  intercept j  (  A>  /,  b  <  C  )f4£  =  0  {*  =  O).  The 
corresponding  velocitie.  tre  found  by  col  bin  in?  Ecuetions  (1)  and  (4). 

a  <  /  ;  1 


A> / 


*  (-  t  r 


MLn ini ration  of  the  required  velocity  (  a  V  )  starting  from  & 
circular  orbit  is  accomplished  by  rinlr.it Inr  Equation  (2)  subject  to  the 
constraint  on  <x  (Equation  (4))«  Using  Lagrange  Multipliers,  the 
following  three  equations  are  obtained! 


2  •  . 

«  -  A  0  -  b  x.  o 
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Using  Equation  (2)  and  assuming  *  #  0,  the  solution  is  f  Iren  by 

a*  *  {  *  ~  jA-  £*<*"  < r  /**  )* 

for  »  -  0,  tbs  solution  to  Equation  (8)  is  given  by  Ecuation  (10) , 
with  a/  and  &  obtains!  from  Equation  (2). 

0  *  (-  A/m  ) 

*)/  *  /  >  ~  *>/*  )  */  (10) 

*  >/;  i  *  o  * 
a  <  /  :  &  -  # 

Tba  rsgion  where  the  solution  for  <*  -  0  la  applicable  is  determined 
by  ssttlng  equation  (4)  equal  to  zero,  resulting  in  Equation  (12 )  - 

p  =  /  '  -  (*-  £*)  *] /*■ 

js  {*-+*)*]/** }  (n) 

*  > '  ‘  **+  <  <,  < 

X</  :  r  <  <  <?o0 

*  A 

The  solution  to  minimizing  V<,  (Equation  (7)  )  Is  equivalent  to  mini¬ 
mizing  zV  (Equation  (10)  )  (s/=l  -  V,  when  *  =  K  x  i  -  O  )  for  a  >  1.125! 

and  when  1<B<1.125  with  ^  outside  the  range  given  in  S nation  (ID. 

VII.  SAKE  CONSIDERATIONS 

i 

The  above  analysis  results  in  those  velocity  vectors  which  produce 
intercept  at  the  specified  intercept  angle  and  altitude.  Each  vector, 
in  goneral,  will  result  in  intercept  at  two  different  ranges  depending 

i 

on  whether  or  not  the  velocity  is  applied  upward  or  downward.  This  is  j 
due  to  the  shape  of  the  orbit  being  independent  of  the  direction  of  the 
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initial  velocity  angle. 

The  intercept  oo'nt  Is  oriented  relative  to  the  initial  point 
by  the  ran’e  ancle  (  6  )  and  to  the  perigee  point  by  the  true  anotaly 
'  $  )  which  in  turn  is  oriented  relative  to  the  initial  point  by  the 
pe  igee  angle.  There  are  two  variable;-  to  consider  ir.  writing  the  range 
equations^  1)  whether  the  de-'ired  intercept  is  to  be  r.t  a  greater 
or  lesser  altitude,  '-nd  ?)  whether  the  impulse  is  eprlied  upward  cr 
downward.  Figure  2  shows  the  four  possibilities,  from  which  the 
following  ranges  of  ariqles  are  inferred  for  the  ccaer.  restricted  to 
initial  intercept,  and  the  angles  (r-*sr  ured  fror  the  last  fictitious 
'•srigee  passage  in  the  rotation  direction)  restricted  tc  the  principal 
values. 

Outward  Intercept r 

Upward  tpr-l icaticn  cf  velocity 

o  *<  <  ten  " 

0°  <  <  /so  * 

G«u  ~  <t>  ~ 

Downward  apjlic'tien  cf  velocity 

S80  °  <  Op  <  3  60  * 

360  ’  < 

Inward  Intercept.-- 

Upward  application  cf  velocity 

c  ‘  <  er  <  /SO  ' 

/ SO  <  <  3  60  * 

*  2  7T  -4  + 

Downward  aprlicatit  f  velocity 

/»o  *<  ^  <  ?oo  ‘ 

/ 8b  '  <  4>  <  3  6o* 
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*  6*  -  ^ 

The  tnie  anomaly  and  perigee  angina  ere  given  by 
6,  *  c*/'  [(  /.] 

4  *  c «s~' 

where  0=///  /  A-^7/'* 

The  range  equations  can  then  be  derived. 


&ij  z  ecs 


-/  a  *-/ 


-  cos 


*  217  -  CCS 


ft 


-  COi 


•'  a*A-7 


*  A  A-»  4J./ 

S6j  -  ccs  -C.—~ -  f  cos  -C— — 

.  c.  e 

A  s  c*S~'  -  CCS  -.f 

t  * 

For  inut-rd  intercepts  (  A  >  /  )  the  maximum  applicable  & 

and  accompsning  mini;  urn  range  la  obtained  free  the  foometry  for  the 
limiting  case  of  a  straight  line  transfer  with  infinite  velocity. 

CCS  ft  I 

=  c°j  (- 


The  maximum  ran^e  (maintaining  the  original  orbital  direction)  occurs 

for  an  upward  application  of  velocity  cf  escape  magnitude  (V0  =  2*  ), 

resulting  in  an  eccentricity  of  one.  Equating  the  normal  velocity 

components  from  Equation  (t)  and  Equation  (l)  yields  the  required 

velocity  {&V  )  and  the  range. 

f  »  (2  /a  )  *  crj  *x 

-  [  3  -  j  3/xcos  /a  *  ]  *  (15) 

*  ATT  -  cos  (x  cos  x/r  M  ~  coj“*  (*  CCS  *  fr  -  t  ) 
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For  outward  intercepts  (  A  <  •  )  there  is  a  ttinimunA(maintaining 

the  original  orbital  direction)  uhich  corresponds  to  a  vertical 

that 

trajectory  (*.**•',/*  •*>)/just  reaches  the  desired  altitude.  The 
velocity  (Vo)  required  is  given  by  Equation  (7),  which  results 
in  $  min. 

=  t*'1  [ &(*-•)]  (16) 

The  maximum  applicable  angle  (  S  )  and  corresocnding  ranges  (the 
range  differs  for  upward  and  downward  applications  of  velocity  )  are 

determined  from  the  geometry  of  a  straight  line  transfer. 

(-  r*  /A  ) 

O  m  #x  £  c  (  c*j  S’*  /A  )  (17) 

>  cpS~'a 

viii  Discussion 

For  the  case  of  starting  from  a  circular  orbit,  the  region  where 
a  horizontal  application  of  velocity  does  not  yield  a  minimum  &V  ie 
shown  in  Figures  3  and  4.  An  R  >  1.12$  always  requires  a  horizontal 
application  of  velocity,  an  R  1  generally  requires  a  non-horizontal 
application  of  velocity,  and  an  R  vO  generally  requires  a  horizontal 

i 

application.  j 

An  example  of  on  altitude  descent  from  150  n.  mi.  to  450,000  ft.  1 
is  shown  in  Figures  5  and  6.  The  required  a  /-  i  figure'  shows  that  the 

I 

required  velocity  inoreaoes  rapidly  with  increasing  intercept  angle. 

i 

A  considerable  reduction  in  velocity  is  obtained  by  ejection  at  a  i  t  0 


in  some  easts.  An  intercept  angle  of  30  degrees ,  for  example,  results 
in  a  velocity  requirement  difference  of  4,700  ft/see  between  $  ~  0 
degrees  and  $  =  55  degrees.  In  general,  the  velocity  is  relatively 
Insensitive  to  changes  in  &  at  the  minimum  energy  points. 

The  range  (Figure  5)  is  double  valued  due  to  upward  and  downward 
applications  of  impulse  producing  different  ranges,  Sr, all  Intercept 

t 

angles  allrw  almost  complete  coverage  of  the  lower  altitude}  large 

ft 

intercept  angles  a  very  restricted  range.  An  intercept  angle  of  80 
degrees,  for  examrle,  cover*  the  central  anplo  range  from  0.2  to  4 2  degrees. 
The  minimum  energy  poinis  show  a  rapid  decrease  in  range  as  intercept 
angle  increases  from  zepo  degrees.  When  the  minimum  energy  points 
ere  first  obtained  for  i  *  0,  the  range  becomes  double  valued  and 
shows  both  an  Increase  and  decrease  in  the  range,  with  the  range 
eventually  decreasing  to  approximately  zero  for  intercept  angles  dost 
to  90  degrees. 

Figure  7  show*  the  required  a/- i  for  intercepts  occurring  at 
an  altitude  of  1C23  n.  mi.  starting  from  a  150  n.  ml.  circular  orbit. 

The  minimum  application  angle  (  &  )  is  32  degrees  which  corresponds 
to  a  vertioal  application  (  *<,  -  90)  which  Just  reaches  the  required 
altitude  at  apogee.  Any  injection  angle  can  be  obtained  at  this  point 
by  slightly  changing  the  initial  conditions  from  a  vertical  ejeotion, 
causing  the  orbit  to  aro  over  Just  above  the  designated  altitude. 

| 

For  smell  intercept  angles  (  <  23°)  the  minimum  energy  transfer 

occurs  when  &  -  180  degrees.  For  t x  >  23  degrees,  S  reoidly 
decreases  to  32  degrees  (  =  90°). 
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The  rang*  is  shewn  In  Figure  8  and  I3  based  on  an  inf ini teat  imal 
sited  attracting  body,  All  the  curves  pass  through  the  ranges  of 
0  and  360  degrees  at  a  velocity  of  30,000  ft/sec  (corresponding  to  a 
vertical  trajectory  ) .  The  range  cf  360  degrees  is  a  somewhat  fictitious 
one,  for  a  vertical  downward  ejection  would  in  actuality  pass  through 
the  attracting  tody,  and  in  the  case  of  an  infinites tlmal  size  mass, 
the  body  would  pass  through  the  center  and  continue  on  a  straight  line 
(due  to  conservation  of  linear  momentum. )  A  slight  deviation  from  a 
vertical  downward  V,  would  result  in  the  body  being  "vipped"  around 
the  center  (because  of  conservation  of  angular  momentum) ,  resulting 
in  a  range  close  tc  36C  degree.]. 

Intercept  angles  greater  than  36.6  decrees  do  not  allow  complete 
range  coverage.  A  of  50  degrees,  for  example,  cannot  be  attained 
for  ranges  between  13  and  87  degrees. 

Straight  line  trajectories  are  illustrated  in  Figures  9  and  10. 

H.  CONCLUSIONS 

1.  For  inward  intercepts  with  R  >  1.125,  the  minimum  energy  transfer 

trajectory  starting  with  zero  velocity  or  from  a  circular.  orbit  is 
obtained  by  a  horizontal  application  of  velocity. 

2.  For  inward  intercepts  with  R  <  1.115,  there  are  two  ranges  of 
Intercept  angles  (one  starting  from  zero  degrees  and  the  other  ending 
at  90  degrees)  where  conclusion  one  is  true.  When  the  intercept  angle 
lies  between  the  two  ranges,  minimum  energy  transfers  starting  from  a 
point  with  zero  velocity  are  obtained  with  a  horizontal  application 

of  velocity;  minimum  energy  transfers  starting  from  a  circular  orbit 
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arm  obtained  with  a  non-horizontal  avrlication  of  velocity. 

3.  For  outward  Intercepts,  miniBum  energy  transfers  starting  from  a 
point  with  zero  velocity  are  obtained  by  a  vertical  ejection  resulting 
in  a  range  of  zero  degrees.  Minimum  energy  t'  onsfers  starting  from  a 
circular  orbit  are  obtained  by  cjoctlng  horizontally  for  a  limited 
range  of  intercept  angles  starting  at  zero  dngree3,  outside  of  thia 
range  the  angle  of  velocity  application  varies  between  180  degrees  and 
cone  angle  less  than  90  degrees. 

4.  Inward  intercepts  result  in  a  lir.ited  range  coverage,  excluding 
a  range  angle  near  zero  degrees  and  near  360  dogrees. 

5.  Outward  intercepts,  for  a  range  of  intercept  angles  storting 
at  zero  degree;:,  allow  complete  coverage.  For  a  range  of  intercept 
angles  extending  to  90  degrees,  there  is  a  range  cf  range  angles  which 
cannot  be  attained. 
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Figure  2.  ILLUSTMT7  H  OF  RANGE  AJD  PERIGEE  ANGIES 


*■  o  Mt  I.M  350T-1-i 


to  lo  the  CM.  359T-14 


“  »r«*i  I  r  m mic  339  6C 

»•  atufru  «... 

a  itittiMr  • 


* 

.  L.. 

! 

jm 

L _ i 

7 

i _ 

r.  1 

T1 

□ 

i 

LJ 

jL. 

LL . 

! 

f4 

*. 

F  i 

♦•l 

#  v*7i 

0. 

R 

ftntfi 

■  0 

btAljift 

1  for  Strtld 

it  1 

Li 

«  < 


lO  X  TO  TO  THE  INCH 


*6  1038 


■t  — 

I 

n 

♦ 

i- 

< 

j 

r 

i 

• 

j 

±.. 

T 

i 

L_ 

i 

I 

i  _ 

L 

* 

j 

i 

I 

“t 

•  i 

] 

i 

— i 

. 

■  1 

-H 

1 

. 

4 

— 7 

j 

*  -4 

1 

J.. 

I 

1 

i . 

I 

! 

L  - 

\ 

|  . 

■*? 

_ 

1  '"H 

.  . , 

. 

• 

{ 

r" 

i 

_ i 

T 

i 

i 

m 

| 

